Third Homework, due Wednesday November 4 , 2009

1) Solve the following initial value problems

2

a) ru, +y*u, =u®, u(w,1) =cosx .

Solution: The characteristic equations are

with initial conditions z(0) = xo,y(0) = 1 and 2(0) = coszy. The solutions are

1 Ty COS T

y(s) = 7 als)

= 2(8) = ——— .
1—sxp 1 — scosxg

Calculating s, zg in terms of x,y yields

Hence

b) wug +yuy, =u, ulr,2®)=1,2>0.

Solution: The characteristic equations are
i:xay:yvézza
with initial conditions z(0) = zg,y(0) = 22, 2(0) = 1. The solutions are
2 s

r=e€ry, y=e€’zy, z=e€

Computing s, zg in terms of x,y leads to the solution

1’2

u(z,y) = — .
(z,y) ,
c¢): Solve problem 3 ¢) on page 163 of L.C. Evans’ book.
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Solution: Characteristic equations are
Ty =21, X9 =2x2 ,23=1,2 =3z
with initial conditions
21(0) = a7 ,22(0) = 25 , 23(0) = 0, 2(0) = g(a},23) .

The solutions:

s 0 2s_0 _ 3s 0 0
x1 =e’xy ,xo =e’xy ,x3 =5 ,2=e€7g(x],23) .

This yields the solution
— 63333 72.7)3) .

u($17w27$3) g(xleixgalée

2) Do problem 6 and 7 on page 163 of L.C. Evans’ book.
Solution of problem 6: Recall the Legendre transfomation of H

L(q) = sgp{p rq—H(p)} .

Fix some p and assume that ¢ € 9H(p), i.e.,
H(r) > H(p)+q-(r—p)

for all » which can be rewritten as
p-q—H(p)>q-r—H(r)

for all ». Hence we get for such ¢ that

L(g)=p-q—H(p),
or

L(g)+H(p)=q p .
Conversely, if this relation holds, then

q-p—H(p)=L(qg) >q-r—H(r)

for all r, i.e., ¢ € OH(p). The statement for L is follows since H and L play a symmetric
role.

Solution of problem 7: The Hopf-Lax formula yields
. T—y
u(w,t) = minft L") + g(»)}
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Assuming that L as well as g are differentiable one finds that the minimum is attained
where

DL(=*) = Dy(y) -

Thus, “¥ is in the subdifferential of H(Dg(y)). Hence,

. T—y
u(z,t) = \x_IE\HgIRt{tL(T> +9()} -

where
R =max|DH(Dg(y))| -
3) Find all solutions u(x,t) of the equation
us = Fuy) , u(x,0)=h(z) .
F and h are given differentiable functions.
Solution: The characteristic equations are
t=1,&=—F(ps),pi=0,pr=0,2=p — F(ps)pa -

This problem is fully nonlinear, i.e., we don’t get away by considering the projected char-
acteristics only as we did in the other problems. The initial conditions are

t(0) = 0,2(0) = 2° ,p;(0) = h'(2") , 2(0) = h(a?) ,
and using the equation we find that
pe(0) = F(h' (")) .
The solutions can be expressed in terms of the variable ¢
z=a" = F'(W (o))t ,pr = F(I'(2°)) ,ps = h'(2°) ,

and
z = h(z%) + t(F(h' (2°)) — F'(h' (%) («°)) .

The very first equation is an implicit equation for z° in terms of z,t. If there exists a
solution z in the last formula can be eliminated and yields the solution u(x,t). Another
way of stating this is to solve the implicit equation

Pe = N'(z+ F'(p2)t)
for p, and then the solution is given as
u(@,t) = h(z + F'(p2)t) + t(F(ps) — F'(pa)pz) -

3



4) Solve the equation
pt +c(1—2p)p, =0

where p(x,0) is given by the function f(x) that vanishes for negative x, equals = for z
between 0 and 1, and is equals to 1 for > 1. This is the traffic flow problem. Here c is
the speed limit of the highway and p(z,t) is the normalized density of cars.

Solution: The solution exists in a classical sense only up to t = 1/(2¢). After that
shocks develop.

1—2ct

0 ife<ct
plz,t) =3 =L ifct<ax<l—ct
1 ifl—ct<azx .



