1. THE THEOREM OF HILLE AND YOSIDA CONCERNING SEMI-GROUPS
From now we consider X to be a Banach space.

Definition 1.1. A family of bounded operators P, : X — X,t > 0 is a strongly continuous
semi group if

a) P() =1.

b) For any s,t > 0 we have that Py, y = PsP,.

c) For any f € X, limy_,04~0 || P.f — f]| = 0.

Note that t — P, f is continous for all ¢ > 0, since
lim ||Pyof — Bof|| = lim || P.P.f — P.f|| =0
e—0 e—0

Such semi groups are natural in the context of linear evolution equations. An important
sub-class are the contraction semi-groups.

Definition 1.2. A family of bounded operators P, : X — X,t > 0 is a contraction semi-
group if is a strongly continuous semi-group and for allt > 0

[P <1.
One would like to think of a semi group as an operator of the form e?* for some operator

which one would call the generator of the semi-group. Let P, be a contraction semi-group.
Consider the set

_ T 7l
DA)={feX: %1_13(1]7 exists} .
On D(A) define
Af:hmﬁi:i.
t—0 t

Note that apriori D(A) might consist only of the zero vector. We have, however, the
following theorem.

Theorem 1.3. The set D(A) is dense in X and the operator A define above is a linear closed
operator.

Proof. Consider
1 t
U f =- / P fds
t Jo

which exists as a Riemann integral, since the function s — P;f is continous. U, is a bounded
operator since

1 t
01 < 7 [ 1Psas <11

since P; is a contraction. By the definition of the Riemann integral we also have that

1 t
0f = 11 < 7 [ 1P = s

from which we see that
lim [0 — £]] = 0.
In other words, the set

Ui=oUi(X)
1
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is dense in X. For ¢ > 0 w also find that

1 t 1 t 1 t+e 1 t
PgUtf - Utf = ;/ P5+5fd8 - Z/ Psde = ;/ Psde — ;/ Psde
0 0 € 0

so that U . .
HL 20 s - U 0

which converges to U,f — f as ¢ — 0. Hence U, f € D(A) and

AUS =310 - 1)

Likewise, from (1)
Psf — f

3

1
Ut :g[Ut—I] Ugf

and for f € D(A) we find that
UAS = [0, - 1)f
and in particular,
AU f = UAS . (2)
To see that A is closed, let f,, € D(A) be such that f,, — f and Af,, — v. We have that
lim U;Af, = U ,

n—oo
since U, is continuous. Further,
. .1 1
lim AUtfn: lim _[Utfn_fn] :_[Utf_f]

so that using (2)

1
U = ;[Utf_f]
for all t > 0. As t — 0 the left side converges to v and hence the right side converges too.
This implies that f € D(A) and Af = v. O

We call A the infinitesimal generator of P;.
Since P, is a contraction, one can define the integral

Ry(A)f = / e MP,fdt
0
for all f € X and A € C with ReX > 0 as a Riemann integral.
Theorem 1.4. The operator Ry(A) maps X into D(A) and obeys the bound

IR < = )
Moreover, for all f € X
(A = A)R\(A)f = f (4)
and for all f € D(A)
BA(A)M = A)f = F . (5)

Thus, the resolvent set of A contains the right half plane and Ry(A) = (A — XI) ™.



Proof. For Re\ > 0 we find

o 1
< —ReAt < )
IR < [ IR < |

Again we compute

[P. —I|R\(A)f = e / e MP,fdt — / e MPfdt = (e —1) / e MPfdt— / e MPfdt
0 €

€ 0

so that
P -1

eX 1 [e%¢} 1 £
Ry(A)f = Gt} / e MP,fdt — = / e NP fdt .
€ € € Jo
As ¢ — 0 we see that the right side converges and hence so does the left side and
ARN(A)f = AR\(A)f — f
which proves (4). To see (5) we assume that f € D(A) and write

RA(A)[P.—I]f = e / e NP, fdt— / e MP,fdt = (e —1) / e MP,fdt — / e MP,fdt
€ 0 €

0
so that upon dividing by ¢ and taking the limit as ¢ — 0 we get that

RA(A)Af = AR\A)f = f
which proves (5). The last statement follows from (3). O

Remark 1.5. Note that we defined the resolvent to be (A — A)~" which differs from our usual
definition by a minus sign.

Lemma 1.6. Let A be a closed densely defined operator and assume that (0,00) C p(A) and

that
(A= A7 < % A>0.
Then
MM —A)f— f
as A — o0.

Proof. Let f € D(A). Then
A — AU — f= (A — A)"YN — A+ Alf = (A — A)LAf
and therefore
XA = 4)f — Il < 51147

which tends to 0 as A — oo. If f € X for any € > 0 we can find g € D(A) so that ||f —g| < e.
Now

MM = A f=f=MM=-A) " (f-g)—(f—g)+ MM -A)lg—g.
The term
AN = A7 f-9) = (f—9)
can be estimated
INAM = A)THf = 9) = (f =) S IMM = ATHF = +If —gll <20If — gl = 2¢

and the second term tends to zero as A — oo which proves the lemma. [l
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Lemma 1.7. With the same assumptions as in the previous lemma the operator
MM —A)A
is bounded and for any f € D(A)
INA — A)rAf — Af|| — 0
as A — 00.

Proof.
MM — A)TTA =AM — A)7HA = X)) + NP\ — A
= NN — A=\
and therefore for any f € D(A)
INAL = A)TFAS| = IN(AL = A) L = Af[ < 2X]I£]] -

Since D(A) is dense, this proves that A(AI — A)~'A is bounded. The other statement follows
from the previous lemma. O

The idea is now to replace the operator A by the operator
Ay =AM - A)1A

which is bounded. The semigroup
oAt

is now simply defined by the power series, which is norm convergent.

Lemma 1.8. The operator

At . - (A/\t)k
c "% il

18 morm convergent and is a contraction semi group.

Proof. That it is norm convergent and a semi group is standard and the proof is left to the
reader. Now,

[e®]| = [|efXAM=ATN)| < M i ﬁHAQ(M — A < e AL
=0 -0

since

[N —A)7H <.

O
Theorem 1.9. A closed operator A is the generator of a contraction semi group if and only
of
(0,00) C p(A)
and
1
IR < 5. A >0



Proof. We have to show that
lim e
A—00

exists and defines a contraction semi group with infinitesimal generator A.

1> 0 and write

t
et — gAut = gAutH(Ar—Ap)s|t ieA#H(ArAM)st
o ds

which equals
t t
/ eAnt=9) (A4, — AN)eA*Sds = / eMnt=9)eMrs( Ay — Au)ds
0 0

where we have used that A A, = A,A, and that

GARtH(AN=Au)s _ JAut (Ar=Ay)s
Now for f € X
t
et = el < [ e ene s - 4,)7)ds
0

so that
e = e f <t (A= A I -
If f € D(A) then
[Axf = Afl| =0

Fix A > 0 and

(6)

as A — oo and hence e f is a Cauchy sequence and hence converges. Since D(A) is dense,
by standard arguments, e**f converges to P,f for all f € X and the linear operator P, is a

contraction. We have to show that it is a semi group.

Poof = lim e+ f = lim eMlers f
A—00 A—00

= lim eA*t[eA*S — PJ|f + lim eMp,f
A—00 A—00

Now note that
e e — Pf|| < |[[e™* — P]f]|

which tends to zero as A — oo and

lim e P, f = PP, f .

A—00
Since

1P = 11fIF < 2]l 1]

it suffices to show that
lim (7, — 1]f]] = 0

for a dense set of vectors f. Pick f € D(A). Then by (6) we have that
I[P = e fIF < tI(A = AL f]

and hence

112 = T1A1 < NP = e f 1+ e = T < tI(A = A fI + [le* =

1fll =0
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as t — 0. Thus, we have shown that P, is a contraction semi group and therefore it has
a generator B. We have shown that necessarily p(B) contains the complex numbers with
positive real part and, moreover,

1
M- BN < — .
I = B)7) < =

For f € X we find
eMf — f = /t e A, fds
and find that for f € D(A) ’
pi-s= [ Pagis.
From this we find that for f € D(A) '
i L 11

t—0 t
and hence A C B. But for arbitrary g € X

(M —BYM —-A)lg=MN AN —-A)'g=yg

= Af

and hence

(M —BYM - A) =1
SO

M —-A) 1=\ -B)"!
and therefore D(B) = D(A).



