PRACTICE FINAL EXAM

1. CURVES

Problem 1: Find the parametric equations of the line that is tangent to the curve
7(t) = (e’,sint,In(1 — t))
at t = 0.
7(0) = (1,0,0) ,

7(t) = (', cost, — ), 7(0) = (1,1,-1)

1
(1-1)

and the equation of the line is

z(s)=1+s,y(s)=s, 2(s) =—s.

Problem 2: Find the speed and the normal and tangential components of the acceleration

and curvature for the curve x(t) = cost, y(t) = sin(t), z(t) = —t.
Velocity:
U(t) = (—sint, cost, —2t)
Speed:
s'(t) = V1 + 42
Acceleration:

a(t) = (—cost,—sint, —2)

Tangential component:
4t

ar = 5" (t) = ———
1= 0= e
Normal component:

5 /514

ay =/|d]*> —a

T 1142

Curvature:
ay = 8 (t)?k(t)

and hence

K =V5+ 42V 1 + 4¢2
1
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2. OPTIMIZATION PROBLEMS

Problem 3: Find the minimum cost area of a rectangular solid with volume 64 cubic inches,
given that the top and sides cost 4 cents per square inch and the bottom costs 7 cents per
square inch. Just set up the equations using Lagrange multipliers, you do not have to solve
them.

The box has unknown dimensions x,y, z. The volume constraint is zyz = 64 and the area
is 2(zy + xz + yz). The cost is 8(xy + xz) + 11yz. We have minimize this cost given the
constraint.

Lagrange multiplier leads to

8(y+2)=Ayz,8z+ 11z = Azz 8z + 11y = Azy ,xyz = 64 .

and we have to solve these equations for positive x,y, z.

(Actually this can be solved and yields y = 2z = ﬁ, r = (11)%/3)

Problem 4: Find the plane of the form
x z
a b ¢

where a,b, ¢ > 0 and that passes through the point (2,1,4) and cuts off the smallest volume
in the first octant.

The volume of the cutout region is

abc
6
which has to optimized over a, b, ¢ given the constraint
2 1 4
-+-+-=1.
a b ¢

Lagrange:

be 2 ac 1 ab 4
6 a2’ 6

»6 2
We find right away that A # 0 and

because of the constraint. Hence a =6, b =3 and ¢ = 12.
3. DOUBLE AND TRIPLE INTEGRALS
Problem 5: Find the y moment of the first petal (mostly in the first quadrant) of the 3-leaf

rose r = cos(360). Just set up the integral (with limits) in polar coordinates. You do not have
to evaluate it.
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The cosine is positive for —7/6 < 6 < 7/6 ,(37)/6 < 0 < (57)/6 and (77)/6 < 0 < (97)/6
Hence we take the limits —7/6 < # < 7/6 and find the integral in polar coordinates using

that y = rsinf
/6 cos(360)
/ r sin Ordrdf
—7/6 J0

(The integral actually vanishes. Just draw a picture.)

Problem 6: Compute the volume of the region that is bounded above by the plane z = y
and below by the paraboloid z = 22 + 3%

First we have to figure out the intersection of the plane with the paraboloid: y = 22 + v
which leads to the equation z? + y* —y = 0. This is a circle given by 2? + (y — 1/2)? = 1/4.
Hence the base of the solid over which we integrate is a disk centered at (0,1/2) with radius
1/2. The integral can be set up in terms of cylindrical coordinates: x = rcosf,y = rsiné, z.
The disk is given by given by 0 < r <sinf and 0 < 6 < 7. Hence we get

T sinf prsinf T sin 0 1 ™ T
/ / / dzrdrdf = / / [rsin@ — r?|rdrdf = — / sin® 0df = —
o Jo r2 0o Jo 12 Jo 32

4. SURFACE INTEGRALS

Problem 7: Find the surface area of the parabolic cylinder z = y? that lies over the triangle
with vertices (0,0), (0,1),(1,1) in the zy plane.

We can use the parametrization
F=xi+yj+y’k

which leads to 7, = ;,Fy =+ 2y/; and 7, X 7, = k— 2yj. Hence

7 X Tyl = /1 +4y? .

The triangle with the given vertices can be written as the region in which 0 < z <y < 1.
Thus we have to compute

1 py 1 1 1
//\/1+4y2dxdy:/ \/1+4y2ydyzﬁ(1+4s)3/2
o Jo 0 0

Problem 8: Consider the surface z? + y* + (2 — 2)? = 4,0 < z < 2. (MISPRINT IN THE
PROBLEM). Convert via Stokes’ theorem the surface integral

/ / curlf” - rido
S

to a line integral. Here F = 22yi — zy?j + sinzk. Set this line integral up, parametrize
the curve, and reduce to an ordinary Calculus One integral with limits. Don’t evaluate this
integral.
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The surface is the top half of the sphere. If we take the outward normal to the sphere then
the curve bounding this region is the circle x(t) = 2cost ,y(t) = 2sint ,z =2 ,0 <t < 27.
This yields the right orientation. The vector field evaluated on this curve is

F = 8cos’tsinti — 8sin®t cos tf—i— sin 2k

7(t) = —2sinti + 2cost)
so that

27 2
/ F -7 (t)dt = — / 32 cos® tsin® tdt .
0 0

5. LINE INTEGRALS AND STOKES’ THEOREM

Problem 9: Compute the line integral of the vector field
F = (zyz + 1, 2%z, 2%y)e™?
along the curve given in parametrized form by

7(t) = (cost,sint,t) , 0 <t <.

The curl of F vanishes. Hence it suffices to compute the line integral along any curve that
connects the point (1,0,0) with (—1,0,7). We take the straight line z(t) = 1 — 2t,y(t) = 0
and z(t) = tm,0 <t < 1. The tangent vector is

(—2,0,m)

and the field along this line is
F=(1,(1 —2t)*n,0)
so that

Problem 10: Compute the line integral | c F-dr where C is the curve given by the intersection
of the sphere 22 + y? 4+ 22 = 4 and the plane z = —y, counterclockwise when viewed from
above, and

—

F=(@*+yz+ydy”—2).

The curl of F is 8yz_". The next question is how to choose the surface with boundary C. We
are going to choose it as the disk cut by the plane z = —y from the sphere. The normal vector

1S
1 1—’—#
i=—(011)= —( +Fk
{ >\/§( )

and hence the dot product of 7 with F' is zero. Thus fc F.di=0.

N~
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6. DIVERGENCE THEOREM

Problem 11: Use the divergence theorem to compute the outward flux of the vector field
F= (a9, 2"

through the cylindrical can that is bounded on the side by the cylinder 2% + y? = 4, bounded

above by z = 1 and below by z = 0.

Again, we invoke an integral theorem, but this time the divergence theorem. One computes
easily

divE = 2(z +y + 2)
and we have to integrate this over the cylinder. Using cylindrical coordinates

o 2 el
2 / / / [r(cos @ + sin @) + z]dzrdrdd = 47 .
o Jo Jo

One can try to compute the flux directly. For the flux through the top one has to integrate
(2%,5%,1) - (0,0,1)

over the disk of radius 2, which yields 4. The bottom disk is particularly easy since the normal
vector is (0,0, —1) and the vector field is (22,52, 0) so that the dot product vanishes. Hence
there is no contribution. It remains to compute the flux through the side. The parametrization
of the cylinder is

70, 2) = (2cosf,2sinb, z)
so that

79 = (—2sinf,2cos0,0) , 7, = (0,0,1)

and

79 X 7, = 2(cos @, sin 6, 0)
which obviously points outward. Now

Fiido = ((2cos0)?, (2sin )2, 2%) - 2(cos 0, sin 0, 0)dfdz = 8((cos 0)® + (sin 0)*)dfdz

and

8/01 /OQW(<COS 0)® + (sin0)*)dfdz = 0 .

Problem 12: Compute the flux of F = 5zy3z+ xszr 32k through the surface 22 +y?+ 22 = 9
using the divergence theorem.

One computes divF = 3 and the volume of the ball with radius 3 equals 4{33 = 367 and
hence we get for the flux
1087 .



