STANDARD FORMULA FOR DETERMINANTS

This is a short writeup concerning determinants. Recall that we proved the following result.

Theorem 0.1. Let A be an nxn matriz and f(A) a function with the properties that f(I) =1,
f(A) is linear in the first row and f(A) changes sign under exchange of any two rows. If g(A)
is any function satisfying the same properties then g(A) = f(A). This unique function, if it
exists, is called the determinant and we denote it by detA.

Proof. The function f(A) changes sign under arbitrary row swaps and this implies that it is
linear in each row separately. Thus the function f(A) does not change if any multiple of a
row is subtracted from another row. It changes sign under row swaps. Hence we can bring
the matrix A into diagonal form using by a sequence of subtraction of multiples of rows from
other rows and a number of swaps, say K of them, i.e.,

P 0 . .0
A 0O B . . 0
o . . . P

and hence f(A) = (=1)X P, --- B,. Exactly the same moves show that g(A) = (-=1)%P,--- B,
and hence f(A) = g(A).
U

This theorem makes an interesting point concerning the logic of the whole thing. What it
says is that if the function ezists then it is unique. The row reduction algorithm does not
prove that the function exists because there are many ways how this can be carried out. The
problem is not with the pivots Pi,..., P,. They are always the same no matter how the row
reduction is carried out. The problem is with the swaps. Alice might effect the row reduction
using 4 swaps and Bob uses 5. Thus Alice would get P, - - - P, but Bob would get —P; - - - P,, as
the value of the function f(A). If this were to happen then there is no function that satisfies
the three requirements listed in the above theorem.

Below we give a formula for the determinant, (1). This formula is not suitable for numerical
computations; it is a sum of n! terms! The uses are mostly theoretical. Most of you know
about eigenvalues and maybe remember that the product of the eigenvalues of a matrix equals
the determinant or the sum of the eigenvalues of the matrix equals the trace of the matrix. It
is these kind of insights you can get from formula (1). Another piece of insight are co-factors,
a generalization of the cross product, which allow to compute n — 1 dimensional volumes of
parallelepipeds in n dimensions. First we have to explain a few facts about permutations.

1. PERMUTATIONS

Imagine a set of n distinct objects. In order to distinguish them we give each one of them
a label. A permutation is now a relabeling. Alternatively, consider the set S = {1,2,...,n}.

A permutation 7w : S — S is a function which one to one and hence onto (why?). We can
1
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express permutations in the following way
1 2 ... n—1 n
(1) =n(2) ... w(n—1) 7(n)

(1234
™=\ 24 3

corresponds to the function m(1) = 2,7(2) = 4,7(3) = 1 and 7(4) = 3. The set of permuta-
tions of n objects is called the symmetric group and is denoted by &,. Two permutations of
n objects, m and o can be composed

E.g.

— W

—~

moo(i)=mn(o(i)),i=1,...,n.

E.g. composing the permutation 7 given above with the permutation

(1234
=\ 314 2

7To(7:(12 34)
1 2 3 4
which is the identity permutation. Thus, 7 is the inverse function, i.e., inverse permuta-
tion of . Thus, the composition of any two permutation is again a permutation and every
permutation has an inverse permutation. This is why Sy is called a group.

Let m € §,,. Associated with this is an n x n matrix P, which is the matrix that emerges

from the identity by permuting the rows using the permutation 7. For the permutation o
given above we have that

yields the permutation

0100

0001
F=11000

0010

also 7 in the example given above

0010

1 000
=100 01

0100

Another way of describing Py is to say that Pre; = eq(;),5 = 1,...,n. One easily checks this
also in the above example. The map m — P, respects composition, i.e.,

Prroo = Pﬂ'PO' 3
because
PTI'OO'ej = €roo(j) = Pﬂea(j) = PTrPaej .

Thus one easily checks that in the examples above P, P, = Iy.

Here is an interesting theorem whose proof you can find at the end of this document. It is
somewhat tricky.
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Theorem 1.1. Let m € S, and consider the corresponding permutation matrix P.. Then
the number of row swaps needed to bring P, back to the identity matriz is either always even
or always odd. If Pm can be brought back to I in an even number of swaps are called even
permutations and the ones that need an odd number of swaps are called odd. Hence if 7 is
even the det P, = 1 and if w is odd then detP, = —1.

As we shall see, this innocuous theorem settles the question of existence. By the way in
the literature ‘swaps’ are called transpositions. Now, that we know how to to compute the
determinant of a permutation matrix the following theorem settles the question of existence.

Theorem 1.2. Consider an n x n matriz A real or complex and denote the matrix elements
by ai; where both i and j vary between 1 and n. Then

det A = Z (det Pr)aix() - Gnr(n) M

TESH

Proof. In order to show this we call the right side of this equation f(A). If A = I we see that
the only non-zero product appears when 7 is the identity permutation and hence f(I) = 1
since det I = 1. Let A’ be the matrix derived from A by exchanging any two rows. . Fix
any i and j and consider the permutation o given by o(i) = j and o(j) = ¢ with all the
other elements kept fixed. The matrix A’ denotes the matrix with elements aj, = aoy. It
has the same rows as A except that the ith and jth are switched. We have to show that

f(AY) = —f(A)
To see this we observe that
A1) B2 (2) " * Oy = Qo ()m(1)Ao(2)m(2) " * Do(n)n(n)
which we may rewrite as
A17oo—1(1)A2700—1(2) * * * Anmoo—1(n)

Thus, we may write

a,hr(l)a,gﬂ(g) e -a;m(n) = Q1xoo—1(1)A2r00=1(2) * * * Qnmooc—1(n) -
Further
Proy-1 = PP,
and so

det Prog-1 = det Py det P,-1 = —det Py

because any permutation matrix that switches two rows and keeps the others fixed has deter-
minant —1. Thus
f(A/) = — Z det ngflalmafl(l) ** Qprog—1(n)
TESR

! yuns through all the permutations precisely once we have that

f(A/) = — Z det Pﬂ'a/l’ﬂ'(l) ©Qnp(n) = _f<A) :

7T€Sn

and since mo o~

Let us remark that the permuation o is its own inverse and so we could have replaced o~!
everywhere by 0. We also have to show that f(A) is linear in the first row. Denote by A the
matrix that has the first row aa! and A’ is the matrix with the first row b7 and all the other
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rows of A and A’ are the same. Consider now the matrix B that has the first row aa’ + Sb7
but all the other rows are the same as the ones of A and hence A’. We find

f(B) = Z b17r(1) T bnﬂ(n)detpﬂ' = Z [aalw(l) + /Bblﬂ'(l)]a’Qﬂ'(Q) T amr(n)detpw

7T€Sn 7'('6871

which equals

a Z A1r(1)A2r(2) * * * Onr(nydet Pr 4 B Z Bbir(1)a2r(2) -+ * Gpr(nydet Pr = af(A) + Bf(A) .

ﬂ'ESn WESn

Hence by the uniqueness of any function that has the tree properties above, we find f(A) =

det A. O

As an example, let us compute the determinant of a general 3 x 3 matrix. For this one
needs a list of the permutations of three objects. There are 6 such permutations.

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
123)’\213)’"\321)"\132)"\231)’>\312)"
The determinant of the corresponding permutation matrices are, in the same order, 1, —1 —

1,—1,1,1. Hence we have

detA = ay1a20a33 — A12021a33 — 13022031 — Q11023032 + Q12023031 + 13021032 -

2. CO-FACTORS
We can rewrite the formula of the determinant of the 3 x 3 matrix in the interesting way
detA = Cl11(a22a33 - a23a32) + a12(023031 - a21a33) + a13(a21a32 - 6L226l31) .
The numbers
Ch1 = axass — agzazy, Cro = (a23a31 - G21a33), Ciz = (a21a32 - a22a31)

are called co-factors. The vector of these co-factors is the cross product of the second row
with the third row, i.e.,

a1 asi (22a33 — 23032
22 X a32 = Q23031 — 330421
23 ass a21a32 — A31422

Recall that this vector is perpendicular to the second and third row and its length is the area
of the parallelogram spanned by these two vectors.
In general we can write the determinant of any square matrix A as

detA = (111011 + - &1n01n . (2)

This follows from the formula (1). These co-factors can be easily computed in terms of
determinants of smaller matrices. The term in the determinant that is proportional to a;; is
given by summing over all permutations 7 with 7(1) = 1,

Z (det Pﬂ')a2ﬂ'(2) ©App(n) = Z (det Pﬂ')a27r(2) © Qg (n)
WESnﬂT(l):l TESH—1

which we recognize as the determinant of the (n — 1) x (n — 1) matrix Mj; that is obtained
by removing the first column and the first row. Thus

CH = detMH .
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Instead of concentrating on the first row we could use any other, say the ith row. The we
write

detA = Z aijCij
j=1

and we call C;; the ij co-factor. How do we compute these co-factors? Returning to (2) let
us compute Co. This is easy if we realize that by switching the first and second column we
can reduce the problem to the previous case Cj; albeit with a different matrix A’ in which
the first and second column are swapped. Thus

detA' = CL12012 + anC{l + a13013 +-+ G1n01n

and we have that

{2 = detM12
where Mo is the (n — 1) x (n — 1) matrix that we get by removing the first row and second
column from the matrix A. Since detA’ = —detA we have that

detA = —(algC{Q -+ CLHCil —+ a13013 + -+ alnC’in)
and thus
012 = —detM12 .
In general we have
Lemma 2.1.
Oz'j = (—1)i+jdetMij
where the (n — 1) x (n — 1) matriz M;; is given by removing the ith rwo and the jth column
from the matriz A.

Proof. With i row swaps we get the ith row to the top and j column swaps we get the jth
column to be the first. Note, and this is important, these swaps do not change the order of
the other rows and columns. This yields the formula. 0

The point about all this is that co-factors form the generalization of the cross product to
higher dimensions. We have

Theorem 2.2. let A be an n X n matriz and Cyj,7 =1,...n the 1j co-factors, i.e.,

detA = Zalelj .

j=1
Then
Zaij’lj =0 ,k’: 2,3,...,7’L
j=1
and

is the (n — 1) dimensional volume of the parallelepiped spanned by rows 2,3, ..., n.
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Proof. The equation

E aijlj =0 ,k:2,3,...,n
j=1
follows from the fact that

n

Z ar;Ch;

j=1
is the determinant of the matrix where the kth row appears also in the first row and hence
is zero. Consider the n dimensional parallelepiped spanned by the rows 1,...,n. The volume
is given by |detA| This parallelepiped can be viewed as one with a base given by the n — 1
dimesnional parallelepiped spanned by the rows 2,...,n. Since the vector of cofactors Cj is
perpedicular to all the vectors that span the base we compute the height of the parallelepiped
as the projection of the first row onto the unit vector in the direction of the vector of co-factors,
ie.,

h:

or |C|h = |detA]

Z?:l aleU‘ . ]detA]
€

€l

where

Since the volume is given as the n — 1 dimensional volume of the base times the height we
obtain the stated result U

3. CRAMER’S RULE

The rule is named after the French mathematician Gabriel Cramer (1704-1752). You know
how to invert a 2 x 2 matrix. If

A= [ ai; a2 }
then we find the inverse as

A—l _ 1 [ 22 —a12}

a11G22 — G12G21 | —G21 411

So far this is just a formula and to get some better insight let us rewrite this as the equations

dotd = [an an]| 2 ®)
detd = [an an]| ()
0 = [an an] _QCEQ (5)
0= [an an]| (6)
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and we can identify right away the cofactors C}; = a9, C1as = —as1, Coy = —aq2, Cos = aq;.
It is precisely these equations that we can write down in arbitrary dimensions using the co-
factors.

detA:Zijij y k= 1,...,n
j=1

and
n

0="> ayCr L #k.
j=1
Hence the inverse of A is given by
1

detA
where the matrix C' has the co-factors as matrix elements. While this is quite nice, it is not
useful for computations for the same reasons as the determinant formula is not usfeul for this
purpose.

At=—C7

4. CHARACTERISTIC POLYNOMIAL

From formula (1) we can glean some interesting facts about the characteristic polynomial
concerning the trace and the determinant of a matrix. let A be an n X n matrix and consider
its characteristic polynomial

det A— /\] Z detP a17r — )\517r(1)> tee (am(n) — /\(5n7r(n)) .
TESR

Expanding this expression in powers of A we see that it is first of all a polynomial of degree
n and the coefficient of the highest power is (—1)". If we set A = 0 we recover the term
independent of A\ which is detA. More interesting is the term proportional to \»~! which is
given by

—An! Z det Py Z O1r(1) ** * O(i—1)m(i—1) Bin (i) O(i+ 1w (i+1) * * * Onre(n) -

TFESn
This term is non-zero only if 7 is the permutation that fixes n — 1 indices and hence it must
fix all of them, i.e., it is the identity permutation. Thus, this term equals

—)\nil iaii = —)\nilTI'A .

Recall that the characteristic polynomial can be factored
det(A—A) = (—=1D)"A= A1) - (A= Ap)

and by expanding we get that the constant term, i.e., the term independent of X is given by
A1 -+ - A, and the term proportional to A"~! is given by

— At i Ai -
=1

Thus we recover the identities

A1 A, =detA
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and .
i=1

This can be pushed further. Consider the term proportional to A»~2. For this we get

(0" detPe Y > Sie(t) -+ Gimtn(i—1)Qim(i) Oi1m(i41) - - - Oj—1x(=1) Qg ()17 (1) - - - O

TESH i=1 j=1

interchanging sums yields

(=) Z Z Z det Prdir(1) - -+ 0im1n(i=1) Gin (i) Oit1m(it1) - - - Oj—1m(j—1)Cjn(j) Oj1m(+1) - - - Onren -
i=1 j=1 7€S,

For i, fixed the only permutations that yields nonzero terms must fix all elements except

i and j. Hence the only ones are either the one with 7 (i) = i,7(j) = j, i.e. the identity

permutation or the one with m(i) = j, 7(j) = 7. Hence we get that this term is

(=020 lasiag; — aaz) -

i=1 j=1
On the other hand the corresponding term in (—1)"(A — Ay)--- (A= \,) is

(0" i A AN

and hence we get that

n n
DA =YY laiag; — il |
i#j i=1 j=1
This last expression has a simple interpretation. Pick all the 2 x 2 diagonal sub-matrices of
A, compute their determinants and sum them up. This yields ), oy Aij.

5. PROOF OF THEOREM 1.1 (AFTER VAN DER WAERDEN)

Consider the polynomial in n variables z1, xs, ..., x, given by
A(l‘l,ZL’Q, Ce ,In) = Hi<j($i — Ij) .

If we act with a permutation 7 on the variables we get A(xrn),Zx(2);- -, Tr@)) Which is
again a polynomial in the same variables and with the same factors except for the signs.
Hence there exists a function sign : S, — {+1, -1} such that A(zraq), Tr),-- ., Taw)) =
sign(m)A(xy, za, ..., x,). Recall that S, is the set of permutations. A permutation 7 is called
even when sign(m) = 1 and odd if sign(r) = —1. An interesting exercise it to show that for
two permutations 7 and o we have that sign(mo o) = sign(w)sign(c). If 7 is a transposition,
i.e., a swap, then sign(m) = —1. To see this write

Wicj(wi — 25) = (w1 — w2) I _g(@1 — 2 I _g(w2 — 2 )Ms<icjcn (@i — 25)
from which we see that if we swap z; and x, but leave the others fixed then the expression
changes the sign. Now if 7 is an even permutation which is realized by N swaps, then

1 = (=1)Y and N is even. Likewise, if N is an odd permutation one needs always an odd
number of swaps.



